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Abstract In this paper, we present the sine-Gordon expansion method to
prepare the mixed dark bright wave patterns to the nonlinear partial differen-
tial equations arising in mathematical physics. Then, we apply the proposed
method for a credible recourse of two nonlinear physical models: the modified
Vakhnenko-Parkes and modified a-equation. These exact solutions comprise
the hyperbolic, trigonometric, rational and exponential function with few
licentious parameter. The analytical solutions have different physical struc-
tures and they are graphically analyzed in order to show their dynamical

behavior by means of 2D, 3D and contour plots.
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1 Introduction

Nonlinear partial differential equations (NPDEs) are used to explain non-
linear complex physical occurrence, which play a vital role in physics and
appear in several fields of science and engineering. Travelling wave solutions
of NPDEs play a vital role in the visibility of these physical phenomena
in nature such as vibrations, self-strong and so on. Finding new solutions
for NPDEs is a major and important work that plays an important role in
topology. Over the last few years, exact solution, analytical approximate
solution, and numerical solution of many NPDEs have been proudly ex-
tracted attentions of expert from all over the world. Some powerful methods
which have been newly evolved to quest exact explicit solution of NPDEs
are, for example, the simplified hirota’s technique [1, 4], the variational it-

eration method [2], the finite forward difference method [3], the lie sym-
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metry method [5, 10, 29], the generalized riccati mapping method [6], the
tanh method and SCM [7, 40], the fourth-order iterative method [8], the
sine-Gordon expansion method [9, 14, 16, 24, 42, 43|, the hirota’s bilinear
form method [11, 23|, compact envelope dark solitary wave[12], the tanh and
extended tanh method [13, 38, 40], the JEFM [15]-[36], the tanh function
method [17, 34, 38|, the modified exp(—Q(&))-expansion method [18]-[22],
dark-brite soliton solution[19], the MSEM and the ESEM [20]-[30], the ma-
trix analysis method[21], the via improved bernoulli sub equation method[25],
the (%)expansion approach [26], the bifurcation method [28], the generalized
darboux transfor [31]-[33], the finite difference method [32],the MESM [35],
and many others. The rest of this paper is consolidated follows, the regular
property of the described method is given in Section 2. To obtain the many
new soliton solutions of MAE and MVPE, SGEM is applied. The 2D, 3D
and contour simulations of the new solution are plotted in Section 4. Finally,

we give a conclusion in a detailed manner.

2 The SGEM

In this section, we present the (SGEM) as following [9, 14, 16, 24, 42];
Ugy — Ut = m2sin(u), (1>

where u = u(z,t), m is a real const. Applying the wave transform u(x,t) =

U(€), £ =x — ct to Eq.(3), we get the following NLODEs;

m2

U// = mSZ'H(U), (2)
where U = U(), ¢ and ¢ are the dimension and velocity of the traveling

waves, respectively. We integrate Eq.(4) and it can be inscribed as follows;

(O] - (@)ex o

where K is the constant of integration. Substituting K = 0,w(£) = ¥ and
a’ = % in Eq.(5), it yields

W' = asin(w). (4)
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Setting a = 1 in Eq.(6) gives
W' = sin(w). (5)

Solving Eq.(7) by variable separable, we receive the two important properties

as
2met
sinfo) = sin(ul) = 2| —seeh(©), ©)
p=1
2,26 1
cos() = coslwl€)) = oy —tann(o) )
p=1

where p is an integral const. and non-zero. By using these vital, properties,

we can consider the general form of NPDEs as
P(uaux7ut;umxautt7u:vt,...) =0, (8)

where u = u(z,t). We consider the solutions of Eq.(10) as following expres-

U(€) = Z tanh' "1 (€)[Bisech(€) + Ajtanh(€)] + Ag. (9)

Eq.(11) can be rearranged ethically to Eq.(8) and Eq.(9) as follows;
Uw) = Z cos" ! (w)[B;sin(w) + Ajcos(w)] + Ay. (10)
i=1

Using the homogenous equilibrium theory to determine the value of n is
considered. We suppose that the sum of coefficient of sin’(w)cos’(w) with
the equal strength is naught, this yields an equation arrangement. With
aid of the computational program, we solve the equation system to find the
value of A;, B;, u and c. Finally, substitute the values of A;, B;, 1 and ¢ into
Eq.(11), we get the recent traveling wave solution to the Eq.(10).

3 Applications and Mathematical Analysis

In this part of the paper, we investigate two models afternamed modified «
equation (MAE) defined as

Up — Uy + (0 + 1)Uy — QULUZy — Wllgzy = 0, (11)
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In 2006 and 2019 Islam et al. and Wazwaz studied on a family physical
properties of Eq.(11) in [35], in which « is a positive integer, Eq.(11) is a
strategic application for delineate the procedure of phase dissociation: in
cold steel alloy and ordinarily used in solidifying and nucleation problem
where in u(z,t) the two independent variables are an unnamed function of
x and t that indicate the space variables in the flank of wave publicity and
time, respectively. The unnamed function u(x,t) denotes the dimension of
the relevant wave mode, the terms u?u, and u,,, denote the nonlinear wave
steepening and u,,; denotes the disbandment wave effects. The coefficients
« is a positive integer Eq.(11) many well-know nonlinear wave equation can
be diminished.

Secondly, modified Vakhnenko-Parkes model (MVPE) defined as [1]

Wy — Upllgy + Uy = 0, (12)

is considered. MVPE has been newly and firstly introduced by Wazwaz in
2019 [1]. He has proved that the MVPE satisfy the Painleve properties.
More recently, S.Sakovich has shown that MVPE bears the features of sine-
Gordon equation [7]. In this paper, we study to find new hyperbolic function
solution of MAE and MVPE by using SGEM based on sine-Gordon equation
firstly. It is reasonable that many models in science and engineering have an
empirically parameter. Thus, unspoiled solution give freedom to researchist
to structure and dash experiment, by establish suitable or inartificial condi-
tion, to regulate these parameter. Therefore, explication and receive exact

travelling wave solution is becoming copious seductive in nonlinear sciences.

3.1 Investigations of MAE
Using the traveling contemplate the wave transformations
u(et) = U(), €= ke~ e, (13)

where k and c are real const. and non-zero. Substituting Eq.(13) into Eq.(11),
the following nonlinear differential equations is obtained :
k3 — ak?

Ck2U”/ . k;?’UUW + ( 2

YU —cU' + g(a +1)U? =0, (14)
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Integrate Eq.(14) first with regard to £ and situation the constant of integrate
to zero, yields following NODE

6ck’U" — 6K°UU" + 3k*(1 — ) (U")? — 6¢U + 2k(a+ 1)U® =0,  (15)
Balancing in Eq.(15), it yields as n = 2. Then, we get the follows
U(w) = Bysin(w) + Ajcos(w) + Bycos(w)sin(w) + Aycos®(w) + Ag, (16)

differentiating Eq.(16) twice, yields

17

U (w) = Bycos*(w)sin(w) — Bysin®(w) — 2A;sin”(w)cos(w)+
Bycos®sin(w) — 5Bysin® (w)cos(w) — 4Ascos® (w)sin®(w)+  (17)
2Aysin*(w),

Substitute Eqs.(16,17) into Eq.(15) we find a system of equation in the
form of trigonometric function through building few trigonometric identities
replacement, we can collect a set of algebraically equation by equate every
sum of the multiples of the trigonometric function sin’(w)cos’(w) with the
equal strength to zero to receive the soliton solution of Eq.(11), we replace-

ment the acquired value of the replacement into Eq.(9) by thought n = 2.

Case-1 When we consider as o = 4, Ay = % — 25, A =0, Ay = —% +
18i _ _ 18 1261 _ /7. i .3 |13, 16li .
5> D1 =0, By =5 + k= rtz, c= 5 = + —* and inserting

these values along with Eq.(13) into Eq.(9), yields following new complex
and mixed dark-bright soliton solutions to the MAE as

Tanh[ 753 + %t — \/—g + %x]
- (% - 12—85Z)T h[g’ 753 + % - \/—g - éx]z.
(18)
Case-2 If a =4, Ay = 2—6 §—A1—0A 126 8B =0, By =

;g 12221, k= ,/—— — 5, ,/73 1%“, putting these together Eq.(13)



into Eq.(9), presents another novel complex soliton to the MAE as

9%  3i 18 1264 3 /73 1614 )
t)=(=+ =) — (== — ——)Sech — ——t—/—===
w(e,t) = (554 35) ~ (55~ 55 el 5~ \/ 5 59
61 :
Tcmh[§ 3 _ 161, \/_Z ~ g
5V 5 5 5 5
126 18 73 161i 7T i
—(— Tanh — — —t—/—=— 2]~
(55 * 35 )1e % 5 5 V/5 57)
(19)
Case-3 When a = 4, AO = —= Al = O AQ = —= Bl = 0 BQ = %,
k=1, ¢=3, it produces followmg another new mlxed dark—brlght soliton
18 18 9
ug(z,t) = —F = —zSech[ t — x|Tanh[3t — x] + ETcmh[Bt —z]*. (20)
Case-4 If we takeas a =4, Ag= -2 A, =0, A, =-8 B, =0, B, =
18% , k=1, ¢ =3, we get another conjugate mixed dark—bright soliton
18 18 9
ug(z,t) = 5 + —ZSech[ t — z]Tanh[3t — x] + ETcmh[i%t —z]*.  (21)

Case-5 Considering these values of « =4, Ay = —g, A =0, Ay = %, By =

0, Bb=0, k= 2, %, it presents new dark soliton solution
9 9 3t =z
t)=—=+=-Ta h———? 22

Case-6 Taking v = 6, Ag=—2%, A; =0, Ay =2, By =0, Bp=—%' k=

—1, ¢ = —4, we obtain other solution as
24 24 24
ug(z,t) = % = 7zSech[4t — z|Tanh[4t — z] + - “Tanh[4t — x> (23)

Case_7 Gettlng o = 67 AO - _%a Al - 0, AQ == 2_74, Bl = 0, BQ = 241 k‘ =

—1, ¢ = —4, we gain other conjugate results according to different Values of
Q as
24 24 24
ur(z,t) = — + 72360h[4t — z|Tanh[4t — z] + - “Tanh[4t — x]%.  (24)



3.2 Investigation of MVPE

It can be considered the traveling wave transformation for the MVPE Eq.(12)
as
u(z,t) =U(),& = kx — ct. (25)

Using above transformation into Eq.(12), we get the following equation;
—4k*UU" + 4k*(U')? = U* = 0. (26)

With the balance rule, we find n = 1. Using as n = 1 into the Eq.(10) gives

the following form
U(w) = Bysin(w) + Ajcos(w) + Ay. (27)

Getting necessary derivations of Eq.(27), if we consider them into Eq.(26),
we can find an algebraic system being various coefficients of trigonometric
functions. When we solve these systems via various computational programs,
we can find A, =0,4; =0,k = —%Bl which gives the following hyperbolic

function solutions as;

B
u(x,t) = Bysech (ct + %m) . (28)

where ¢ and Bj are real constants with non-zero for valid of solution. Under
the suitable values of parameters, we plot several surfaces of solution obtained

in this paper by using SGEM.



Fig.1l: (a) and (b)
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Fig.5: (a) and (b)represent 3D plots of Eq.(20) for a = 4
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Fig.6: (c) and (d) represent contour pleots of kEg. (20) for o = 4.
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Fig.7: (a) and (b) represent 3D plots of Eq. (21) for a = 4,
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Fig.8: (c) and (d) represent contour plots of Eg. (21) for o = 4,
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Fig.1l0: (c¢) represent 2D plots c¢f Eq. (22) for o = 4,
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Fig.1l1l: (a) and (b) represent 3D plets of Eg. (23) for o = 6,
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Fig.12: (c) and (d) represent contour plots of Eg.(23) for a = 4,
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Fig.13: (a) and (b) represent contour plots of Eq. (24) for o = 6.
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Fig.14: (c) and (d) represent contour plots of Eg. (24) for ¢ = 6 k
= -1, c = —-4.
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Fig.15: (a) and (b) represent 2D plots of Eq. (18) for
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Fig.1l6 :( c¢) and (d) represent 2D plots of Eg. (19) for
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Fig.1l7: (a) and (b) represent 2D plots of Eqg. (20) for o = 4,

k =1, t = 0.01.
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Fig.18: (c) and (d) represent 2D plots of Egq. (21) for

a=-4,k=1, ¢ =3, t = 0.01.
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Fig.19: (a) and (b) represent 2D plots of Egq. (23) for
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Fig.20: (c) and (d) represent 2D plots of Eq. (24) for
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Fig.21: (a) and (b) represent 3D and contour plots of Eq. (28) for
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Fig.22: (c) represent 2D plots of Eq. (28) for
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4 Conclusions

In compendium, in this paper we proposed a SGEMs that is much common
than the current classical sine-Gordon method. This new approach is used
to prepare various traveling wave solution of the modified a-equation and
modified Vakhnenko-Parkes models. Several type of solutions, namely the
new complex and mixed dark-bright soliton, the new dark soliton, conjugate
mixed dark-bright soliton, singular soliton have been provided. Some of these
solutions are new and for instance the soliton ones are used for the transmis-
sion of data. In all these solutions, «a, k, and ¢ are licentious nonzero con-
stants. The expressions of w;(z,t) with i = 1,2,........... 8, are acquired from
the solution u;(x,t) though Eq.(18-24) and Eq.(28) these solutions are singu-
lar solitons and solitary wave soliton of the modified a-equation and modified
Vakhnenko-Parkes model. They have identical shape to those in figs.1-22 for
exact value of parameters nevertheless, the 2D and 3D-dimensional represen-
tations of few of these solution different enthralling aspect of this work is that
the current method the SGEMS can be employed to recover the solution in
[18]-[24] and [28] with the classical sine-Gordon expansion also to solve other

variant of nonlinear equations.

References

[1] A. M. Wazwaz. The integrable Vakhnenko-Parkes (VP) and the modified
Vakhnenko-Parkes (MVP) equations: Multiple real and complex soliton
solutions. Chinese Journal of Physics. 57, 375-381, 2019.

[2] A. M. Wazwaz. Bright and dark optical solitons for (2+1)-dimensional
Schraodinger (NLS) equations in the anomalous dispersion regimes and

the normal dispersive regimes. Optik - International Journal for Light
and Electron Optics. 192, 162948, 2019.

[3] A. Yokus, T. A. Sulaiman, M. T. Gulluoglu, H. Bulut. Stability analy-
sis, numerical and exact solutions of the (1+41)-dimensional NDMBBM

equation. ITM Web of Conferences. 22, 01064, 1-10, 2018.

19



[4]

A. M. Wazwaz. New (3+1)-dimensional nonlinear evolution equations
with mKdV equation constituting its main part: Multiple soliton solu-
tions. Chaos, Solitons Fractals, 76 , 93-97, 2015.

A. Biswas. Stationary Solutions to the Modified Nonlinear Schrodingers
Equation in o Helix Proteins Advanced Studies in Biology. Vol. 2, 2010.

A. R. Seadawy, N. Nasreen, D. Lu, M. Arshad. Arising wave propagation
in nonlinear media for the (2+1)-dimensional Heisenberg ferromagnetic

spin chain dynamical model. Physica , 2019.

A. M. Wazwaz. The tanh method and the sine cosine method for solving
the KP-MEW equation. International Journal of Computer Mathematics,
2007.

A. Cordero, J. P. Jaiswal, J. R. Torregrosa. Stability analysis of fourth-
order iterative method for finding multiple roots of non-linear equations.
Applied Mathematics and Nonlinear Sciences. 4(1), 43-56, 2019.

H. M. Baskonus, H. Bulut, T. A. Sulaiman. Investigation of various trav-
elling wave solutions to the extended (2+1)-dimensional quantum ZK
equation. The European Physical Journal Plus. 132-482, 2017.

[10] C. M. Khalique, O. D. Adeyemo, I. Simbanefayi. On optimal system, ex-

act solutions and conservation laws of the modified equal-width equation.
Applied Mathematics and Nonlinear Sciences. 3(2), 409-418, 2018.

[11] D. Lu, A. R. Seadawy, I. Ahmed. Applications of mixed lump-solitons

solutions and multi-peaks solitons for newly extended (2 + 1)-dimensional
Boussinesq wave equation. Modern Physics Letters B. 3(29), 1950363,
2019.

[12] D. Yemélé, F. Kenmogné. Compact envelope dark solitary wave in a

discrete nonlinear electrical transmission line. Physics Letters A. 373,
3801-3809, 2009.

20



[13] D. M. T. Syed, B. Sadaf. New traveling wave solutions of Drinefeld
Sokolov Wilson Equation using Tanh and Extended Tanh methods. Jour-
nal of the Egyptian Mathematical Society. 2014.

[14] E. I. Eskitascioglu, M. B. Aktas, H. M. Baskonus. New Complex and
Hyperbolic Forms for Ablowitz-Kaup-Newell-Segur Wave Equation with
Fourth Order, Applied Mathematics and Nonlinear Sciences. 4(1), 105—
112, 2019.

[15] E. M. Zayed, E. Tala-Tebue. New Jacobi elliptic function solutions, soli-
tons and other solutions for the (2 + 1)-dimensional nonlinear electrical

transmission line equation. Eur. Phys. J. Plus, 2018.

[16] E. Fan. Extended tanh-function method and its applications to nonlinear
equations. Physics Letters A. 277, 212-218, 2000.

[17] E. J. Parkes, B. R. Duffy. An automated tanh-function method for find-
ing solitary wave solutions to nonlinear evolution equations. Computer
Physics Communications. 98, 288 300, 1998.

[18] F. M. Belgacem, H. Bulut, H. M. Baskonus. Analytical solutions for non-
linear long-short wave interaction systems with highly complex structure.
J. Comput. Appl. Math. 321, 257-266, 2017.

[19] F. Yu, Z. Yan. New rogue waves and dark-bright soliton solutions for a
coupled nonlinear Schrdinger equation with variable coefficients. Applied
Mathematics and Computation. 233, 351-358, 2014.

[20] G. E, Shoukry, O. Al-Amr. New exact traveling wave solutions of the
(44-1)-dimensional Fokas equation Computers and Mathematics with Ap-
plications. 2017.

[21] G. Zhang, Z. Yan, X. Y. Wen. Three-wave resonant interactions: Multi-
dark-dark-dark solitons, breathers, rogue waves, and their interactions
and dynamics. Physica D. 2017.

21



[22] H. M. Baskonus, H. Bulut, F. B. M. Belgacem. Analytical solutions
for nonlinear long-short wave interaction systems with highly complex

structure. Journal of Computational and Applied Mathematics. 2016.

[23] H. Wang, Y. Wang,W. Ma, C. Temuer. Lump solutions of a new ex-
tended (2 + 1)-dimensional Boussinesq equation. Modern Physics Letters
B. 1950363, 2018.

[24] H. M .Baskonus, H. Bulut, T. A. Sulaiman. New Complex Hyperbolic
Structures to the Lonngren-Wave Equation by Using Sine-Gordon Expan-
sion Method. Applied Mathematics and Nonlinear Sciences. 4(1), 141-150,
2019.

[25] H. Bulut, H. M. Baskonus. On the complex structures of Kundu-Eckhaus
equation via improved Bernoulli sub-equation function method. Waves
Random Complex Media. 25(4), 720-728, 2015.

[26] J. L. Zhang, X. W. Mingliang. The (%) expansion method and travelling
wave solutions of nonlinear evolution equations in mathematical physics.
Physics Letters A. 372, 417423, 2008.

[27] K. Yoshimura, R. Kobayashi, T. Ohmura, Y. Kajimoto, T. Miura. A new
mathematical model for pattern formation by cranial sutures. Journal of
Theoretical Biology. 6674, 2016.

[28] L. Qian, C. Shanshan, Z. Yuqian Zhou. Bounded Traveling Waves of the
(241)-Dimensional Zoomeron Equation. Hindawi Publishing Corporation
Mathematical Problems in Engineering Volume. Article ID 163597, 2015.

[29] L. D. Moleleki, C. M. Khalique. Solutions and Conservation Laws of a
(24+1)-Dimensional Boussinesq Equation. Hindawi Publishing Corpora-
tion Abstract and Applied Analysis Volume, 2013.

[30] M. O. Al-Amr. Exact solutions of the generalized (2 4+ 1)-dimensional
nonlinear evolution equations via the modified simple equation method.

Computers and Mathematics with Applications. 2014.

22



[31] N. Song, H. Xue, Y. K. Xue. Dynamics of Higher-order Localized Waves
for a Coupled Nonlinear Schrodinger Equation. Communications in Non-

linear Science and Numerical Simulation. 2019.

[32] P. K. Pandey, S. A. Jaboob. A finite difference method for a numerical
solution of elliptic boundary value problems. Applied Mathematics and
Nonlinear Sciences. 3(1), 311-320, 2018.

[33] Q. Liu. Analytical matter wave solutions of a (2+1)-dimensional par-
tially nonlocal distributed—coefficient Gross—Pitaevskii equation with
alinear potential. International Journal for Light and Electron Optics.
2000, 163434.

[34] R.K.Raslan,J. D.Evans. The tanh function method for solving some im-
portant non-linear partial differential equations. International Journal of
Computer Mathematics. 82(7), 897-905, 2005.

[35] S. M. Ali, M. N. Islam, M. Asaduzzaman. Exact wave solutions to
the simplified modified Camassa-Holm equation in mathematical physics.
AIMS Mathematics. 2019.

[36] T. C. Kofane, A. K. Jiotsa, D. C. T. Fozap, E. Tala-tebue. Envelope

periodic solutions for a discrete network with the Jacobi elliptic func-
Gl
G
Riccati equation. Eur. Phys. J. Plus 129-136, 2014.

tions and the alternative (% )expansion method including the generalized

[37] V. N. Serkin, A. Ramirez, T. L. Belyaev. Nonlinear-optical analogies
to the Moses sea parting effect: Dark soliton in forbidden dispersion or
nonlinearity. Optik—International Journal for Light and Electron Optics.
192, 162-928, 2019.

[38] W. A. Majid. The tanh function method for solving some important non-
linear partial differential equations. International Journal of Computer
Mathematics. 2007.

23



[39] W. A. Majid. The extended tanh method for new solitons solutions for
many forms of the fifth-order KdV equations. Applied Mathematics and
Computation. 184, 10021014, 2007.

[40] W. Malfliet. The tanh method: a tool for solving certain classes of non-
linear evolution and wave equations. J. Comp. Appl. Math. 164-165, 529-
541, 2004.

[41] XiY. Xie, G.Q. Meng. Multi-dark soliton solutions for a coupled AB
system in the geophysical flows. Applied Mathematics Letters. 2019.

[42] C. A. Yan, Simple transformation for nonlinear waves. Phys. Lett. A.
224, 77-84, 1996.

[43] G. Yel, H. M. Baskonus, H. Bulut. Novel archetypes of new coupled
Konno—-Oono equation by using sine-Gordon expansion method. Optical
and Quantum Electronics. 49, 2017.

[44] Z. Zhao, B. Han. Lump solutions of a (3+1)-dimensional B-type KP
equation and its dimensionally reduced equations. Analysis and Mathe-
matical Physics. 9(1), 119-130, 2019.

[45] Z. Zhao, L. He. Multiple lump solutions of the (3+1)-dimensional po-
tential Yu-Toda-Sasa-Fukuyama equation. Applied Mathematics Letters.
95, 114-121, 2019.

Affiliations Information:

! Department of Mathematics and Science Education, Faculty of Educa-

tion, Harran University, Sanliurfa, Turkey

Z4Departamento de Matemética Aplicada y Estadistica. Universidad
Politécnica de Cartagena, Hospital de Marina, 30203-Cartagena, Region de

Murcia, Spain.—Corresponding Author e-mail: juan.garcia@upct.es—

24



3Department of Mathematics, H.N.B Garhwal University (A Central Uni-
versity) Srinagar -246174, India

® University Centre of Defence at the Spanish Air Force Academy, UPCT-
MDE Calle Coronel Lopez Pena, s/n, Santiago de la Ribera, Murcia, 30720,
Spain.

25



